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£>v Abstract. We classify, up an isomorphism, the 2-dimensional algebras over a field K. This 

permits to have easily the classification of complex 2-dimensional Jordan algebras. 

; 1. Generalities 

^ ■ An algebra over a field IK is a K-vector space with a multiplication given by a bilinear map 

! fi : A x A ->■ A. 

We denote by (A, //) a K-algebra with multiplication \i. Two K-algebras (A, y) and (A', //) 
are called isomorphic if there is a linear isomorphism 

ƒ :A^A 

such as 

/(Mx,r)) = Ai '(/(x),/(r)) 

for all X,Y G A The classification of 2-dimensional K-algebras is then equivalent to the 
classification of bilinear maps on A = K 2 with values in A. Let {ei,e2} be a fixed basis of 
IK 2 . A general bilinear map /i has the following expression 

/i(ei,ei) = aiei + /?ie 2 , 
A*(ei,e 2 ) = a 2 ei + /3 2 e 2 , 
A t (e 2 ,ei) = a 3 ei + /3 3 e 2 , 
M e 2,e 2 ) = a 4 ei + /3 4 e 2 , 
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and it is defined by 8 parameters. Let ƒ be an isomorphism of IK 2 . In the given basis, its 
matrix M is non degenerate. If we put 



M 

then 



a b 
c d 



M-^i' d ~ b 



A \ —c a 

with A = ad — bc ^ 0. The isomorphic multiplication 

/*' = r 1 o /* o (/ x /) 

satisfies 

//'(ei,ei) = a'^a +/3(e 2 , 
M'(ei,e 2 ) = a 2 ei + /3 2 e 2 , 
P'faei) = a' z ei + (3' 3 e 2 , 
y'(e 2 ,e 2 ) = a 4 ei + /3 4 e 2 , 
1 
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with 



(1) 



Pi 

«3 
«4 



(a 2 a\ + aca 2 + aca 3 + c 2 a 4 



(a 2 ai + aca 2 + aca 3 + c 2 a 4 ) 



- (a 2 /3i + ac/3 2 + ac(5 3 + c 2 /3 4 )|; 
| + (a 2 /?! + ac/3 2 + ac/3 3 + c 2 /3 4 )x 



(afecti + ada: 2 + bca 3 + cda; 4 )^ — {abj3\ + arf/3 2 + &c/3 3 + crf/3 4 )-^ 

— (afcai + ada 2 + bca 3 + cda A )-^ + {ab(3\ + adj3 2 + bcf3 3 + cd(3 A )^ 
(a&ai + bca 2 + ada 3 + cda A )^ — (ab(3i + bc(3 2 + ad(3 3 + cd(3 A )^ 

— (aboti + bca 2 + ada 3 + cda A )-^ + (ab(3i + bcf3 2 + ad(3 3 + cdj3 A )^ 
(5 2 ai + bda 2 + bda 3 + d 2 a A )± - (b 2 (5i + bd(3 2 + bd(3 3 + d 2 (3 A 
-{b 2 ai + bda 2 + bda 3 + d 2 a A )± + (b 2 f3 1 + bdf3 2 + bdf3 3 + d 2 /3 A 



b_ 

1 A 



These formulae describe an action of the linear group G/(2,K) on K 8 parameterized by the 
structure constants («j, i — 1, 2, 3, 4 and the problem of classification consists to describe 
an element for each orbit. 



2. Algebras over a field of characteristic different from 2 

We assume in this section that char(K) ^ 2. We consider the bilinear map ji a and /i s 
given by 

rtX,Y)-rtY,X) ti(X,Y)+rtY,X) 
fi a {A,Y)- , /i s (A,rj- 

for all X,Y e K 2 . The multiplication /i a is skew-symmetric and it is a Lie multiplication. It 
is isomorphic to one of the following 

Mei,e 2 ) = ei, fi a = 0- 

In fact, if /x a is not trivial, thus /i a ( e i, e 2) = o^i + /3e 2 . If a ^ 0, we consider the change of 
basis 

e[ = aei + (3e 2 , e 2 = a~ 1 e 2 . 
If a = 0, thus f3 7^ and we take 

ei = e 2 , e' 2 = -£ _1 ei. 

2.1. Case /J a (ei,e 2 ) = ei. The group of automorphisms of ji a is constituted of matrices 

with a ^ 0. Moreover the multiplication /x writes 

/i(ei,ei) = aiei + fte 2 , 
A*(ei, e 2 ) = (a 2 + l)ei + /3 2 e 2 , 
M e 2, ei) = (a 2 - l)ei + /3 2 e 2 , 
/^(e 2 , e 2 ) = a 4 ei + /3 4 e 2 , 

As the subspace of K 8 generated by (a i: % = 1, 2, 4 is invariant by the action of Aut(fj, a ) : 
we have to consider the change of basis given by a matrix of Aut(/i a ). Let us consider the 
bilinear symetric form given by 

0(ei,ei) = ft, 
0(ei,e 2 ) = £ 2 , 
0(e 2 ,ei) = /3 2 , 
0(e 2 ,e 2 ) = (3 A . 
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lts associated quadratic form is 

q^u, v) = f3 x u 2 + 2/3 2 uv + f3, v 2 

where (u, v) G K 2 . 
• Assume that f3\ ^ 0. Then q^ is reduced by the Gauss process: 

q^u, v) = f3x (u 2 + 2-^-uv) + (3 A v 2 

Pi 

= f3 1 (u + ^v) 2 + {f3 A -f)v 2 . 



Pi yr P 



The change of coordinates 



corresponds to the matrix 



U 1 — U + ttV 

Pi 



1 -Êi 



and belongs to Aut(fj, a ). The new quadratic form writes 



q(u,v) = [3 lU 2 + (f3, - & )v 2 . 

Pi 



Thus the bilinear map is reduced to 



0(ei, 


ei) 


= 


0(ei : 


e 2 ) 


= 0, 


0(e 2 , 


ei) 


= 0, 


</>(e 2 , 


e 2 ) 


= h- 



and /i is reduced to 

/i(ei,ei) = aiei + /?ie 2 , 
A*(ei,e 2 ) = («2 + l)ei, 
At(e 2 ,ei) = (a 2 - l)ei, 
A t (e 2 ,e 2 ) = a 4 ei + /3 4 e 2 , 

Now we consider the change of basis e[ = ae±, e' 2 = e 2 . If a± ^ then considering a = af 1 
we obtain the first orbit generated by the multiplication 

Ati(ei,ei) = ei + fte 2 , 
A*i(ei,e 2 ) = (a 2 + l)ei, 
A«i(e 2 ,ei) = (a 2 - l)e u 
Ati(e 2 ,e 2 ) = a 4 e 1 + /3 4 e 2 . 

If ai = and «4^0, the change of basis associated with a = a, gives the followin 
multiplication 

A* 2 (ei,ei) = f3 x e 2) 
A* 2 (ei,e 2 ) = (a 2 + l)ei, 
At 2 (e 2 ,ei) = (a 2 - l)e 1 , 
/^ 2 (e 2 ,e 2 ) = ei + /3 4 e 2 . 
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If «i = «4 = 0, if /3i 7^ and y/JJÏ G K, then a = {\f^\}~ 1 



gives 



M e i> e iJ 
A*3(ei,e 2 ) 
A*3(e 2 ,ei) 
/^(e 2 ,e 2 ) 



e2, 

(ct 2 + l)ei, 
(a 2 - l)ei, 
/3 4 e 2 . 



If «i = 04 = 0, a/A ^ IK, if /?4 we have the following multiplication 

Hi(ei,ei) = /?ie 2 , 
Vé{ei,e 2 ) = (a 2 + l)e x , 
{J>é{e 2 ,ei) = ("2 - l)ei, 
At4(e 2 ,e 2 ) = /3 4 e 2 , 

and two multiplications corresponding to the parameters (/3i,a 2 ,/3 4 ) and (/3(,a 2 ,/3 4 ) are 
equivalent if and only if /3[ = a 2 fii with a G K. 

If «i = «4 = 0, a/^Ï ^ K, /9 4 = 0, we obtain 

/^(ei,ei) = /3ie 2 , 
^s(ei,e 2 ) = (a 2 + l)ei, 
At5(e 2 ,ei) = (a 2 - l)ei. 



If jöi = 0, the multiplication /x is given by 

A*(ei,ei) = otiei, 
M e i> e 2 ) = (a 2 + l)ei + /3 2 e 2 , 
A*(e 2 , ei) = (a 2 - l)ei + /3 2 e 2 , 
/^(e 2 , e 2 ) = a 4 ei + /3 4 e 2 . 

We consider a change of basis belonging to Aut(fj, a ) : 



In this case, formula [T] are 



(2) 



°i 

ft 

ft'i 



e[ = aei, e' 2 = bei + e 2 . 



a«i, 
0, 

feai + a 2 - b/3 2 , 
ap 2 , 

(6 2 «x + 2ba 2 + a 4 )i - (2&/3 2 + /3 4 )|, 
2&/3 2 + & . 



If «i — /3 2 7^ and a 2 7^ 0, we consider 6 = — a 2 (ai — f3 2 ) 1 . This permits to consider a 2 = 0. 
If «i 7^ 0, thus if a = ajf , we obtain the multiplication 

A*6(ei,ei) = ei, 
A*6(ei,e 2 ) = ei + /3 2 e 2 , 
A*6(e2,ei) = -ei + /3 2 e 2 , 
/^e(e 2 ,e 2 ) = a 4 ei + /3 4 e 2 . 
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If «i = O, then 7^ O, and if we take a = (3 2 1 we obtain 

A*7(ei, ei) = 0, 
A*7(ei,e 2 ) = ei + e 2 , 
M e 2,ei) = -ei + e 2 , 
Me 2 ,e 2 ) = «4ei + /3 4 e 2 . 

If a 2 = 0, thus b = («i — /3 2 ) _1 gives a multiplication with a 2 = 1 and we find the previous 
case. Suppose now that a\ — (3 2 = and a\ ^ 0. If /3 4 ^ thus taking 25 = — Z^/?^ 1 and 
a = tt] -1 , we obtain 

{// 8 (ei,ei) = ei, 
A*8(ei,e 2 ) = (« 2 + l)ei + e 2 , 
A«8(e 2 ,ei) = (a 2 - l)ei + e 2 , 
M e 2,e 2 ) = a 4 ei. 

If /3 4 = 0, the same change of basis gives /3 4 = 1 and we return to the previous case. If 
— 0, and 2a 2 — /3 4 7^ 0, we can take a 4 = and we obtain 

// 9 (ei,ei) = 0, 
A*9(ei,e 2 ) = (a 2 + l)ei, 
/^(e 2 ,ei) = (a 2 - l)ei, 
Atg(e 2 ,e 2 ) = /3 4 e 2 . 

If 2a 2 — /3 4 = 0, we obtain 

A*io(ei,ei) = 0, 
A*io(ei,e 2 ) = (a 2 + l)ei, 
A*io(e 2 ,ei) = (a 2 - l)ei, 
A*io(e 2 , e 2 ) = a 4 ei + 2a 2 e 2 . 

2.2. Case /i a (ei,e 2 ) = 0. The multiplication /x is symmetrie. The group of automorphisms 
of \i a is GL(2,K). Moreover the multiplication /1 writes 

/i(ei,ei) = aiei + fiie 2 , 
A*(ei,e 2 ) = a 2 ei + /3 2 e 2 , 
At(e 2 ,ei) = a 2 ei + /3 2 e 2 , 
M e 2,e 2 ) = a 4 ei + /3 4 e 2 , 

• We assume that there exists two independent idempotent vectors. If e 1 and e 2 are these 
vectors, then 

M e i> e i) = e i ? At(e 2 ,e 2 ) = e 2 . 
We obtain the following algebras 

A*n(ei,ei) = ei, 

A*n(ei, e 2 ) = /in(e 2 , ei) = a 2 e x + /3 2 e 2 , 
A*n(e 2 ,e 2 ) = e 2 

and /in(o; 2 , /3 2 ) is isomorphic to //n(/3 2 , a 2 ). Remark that if any element is idempotent, thus 
M e i> e 2) = M e 2 ; ei) = 0. In fact 

/i(ei + e 2 , ei + e 2 ) = ei + e 2 = /i(ei, ei) + /i(e 2 , e 2 ) + 2/i(ei, e 2 ). 
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In the general case, if ae± + be 2 is an idempotent with ab ^ 0, then a and b satisfy the system 

a 2 + 2aba 2 = a 
b 2 + 2ab(3 2 = b. 

If 4a 2/ 3 2 = 1, then the system has solution as soon as a 2 — /3 2 — \. In this case we obtain 
the multiplication 

and for any a, the vectors ae 1 + (1 — a)e 2 are idempotent. If 4a 2/ 3 2 7^ 1, thus the vectors 

1 - 2a 2 1 - 2/3 2 

V ~ l-4a 2 /3 2 ei + l-4a 2 p 2 62 

are idempotents. But these last vectors write v = ae± + (1 — 2a(3 2 )e 2 . Thus, if we have two 
independent idempotents, we have a straight line of idempotents. 

• We assume that there exists only one idempotent vector. If e\ is this vector, thus 
/i(ei, ei) = e±. The changes of basis which preserve this identity are e[ = e±, e 2 = at\ + be 2 
with b 0. Since in this new basis we have /3 4 = 2a(5 2 + &/?4, we can find b such as f3' A = 0. 
If we want to conserve this relation, thus a = and a' 2 = ba 2 . If a 2 ^ we can take a 2 = 1 
and we obtain 

/i(ei,ei) = ei, 

M e i> e 2) = M e 2> ei) = ei + /3 2 e 2 , 
At(e 2 ,e 2 ) = a 4 ei. 

Assume that ae± + &e 2 with b ^ is idempotent. This implies 

a 2 + 2ab + & 2 a4 = a 
2ab/3 2 = b. 

As 6 7^ 0, thus 2a(3 2 = 1. If /3 2 = 0, we have no solutions and we obtain the multiplication 

A*i2(ei,ei) = ei, 
A*i2(ei,e 2 ) = /ii2(e 2 ,ei) = ei 
/ii2(e 2 ,e 2 ) = a 4 ei. 

If /3 2 7^ 0, thus a = (2/3 2 ) _1 . In this case, b satisfies the equation 

4a 4 /3 2 V + 4f3 2 b + 1 - 2f3 2 = 0. 

If K = C, we have always a solution and \i is isomorphic to a multiplication of the family 
If K is not algebraically closed, we obtain new multiplication if this equation has no 
solution in K. For example, for K = R, we have the following products 

A*i3,R(ei,ei) = ei, 

A*i3,R(ei, e 2 ) = A*i3,R(e2, ei) = e x + f3 2 e 2 , 
^i3,R(e 2 ,e 2 ) = a 4 e!, 

with 2f3 2 ^ and a 4 (l - 2(3 2 ) < 1. If a 2 = we have 

A*(ei,ei) = ei, 
A«(ei,e 2 ) = //(e 2 ,ei) = /3 2 e 2 , 
At(e 2 ,e 2 ) = a 4 ei 
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If (3 2 = O, we have not other idempotent than e\. Thus we obtain 

A*i4(ei,ei) = ei, 
Hu(ei,e 2 ) = /ii 4 (e 2 ,ei) = 0, 
/ii4(e 2 ,e 2 ) = a 4 ei. 

with a 4 = 1 if K = C, «4 = ±1 if K = IR and two products corresponding to a A and a' A are 
equivalent if a' 4 = b 2 a A in other fields. 

If (3 2 7^ and if IK is algebraically closed, we have always two independent idempotents 
and the multiplication if of type /in. If K is not algebraically closed, we have a solution as 
soon as (2/3 2 — 1) is not a square in K. In this case we have 

A*i5(ei, ei) = ei, 
A*i5(ei, e 2 ) = /ii 5 (e 2 , ei) = /3 2 e 2 , 
/■fis(e 2 ,e 2 ) = a A e x 

with a 4 satisfying the previous conditions for /i 14 . 
If 0:4 = 0, then e\ + 6e 2 is idempotent when f3 2 = \- If not we have 

£ti6(ei,ei) = ei, 
A*i6(ei, e 2 ) = /ii 4 (e 2 , ei) = /3 2 e 2 , 
Ati 6 (e 2 ,e 2 ) = 0. 

with & ^ i. 

• No vector is idempotent. Thus we can take //(ei,ei) = e 2 . We consider change of basis 
which preserves this identity. As /i(e 2 , e 2 ) = a 4 ei + /?4e 2 , if 0:4 = 0, thus ^4 = 0. In this case 
we have 

At(ei,ei) = e 2 , 

M e i» e 2 ) = M e 2, ei) = a 2 e ± + (3 2 e 2 . 
Thus 

/x(aei + be 2 , ae\ + 6e 2 ) = a 2 e 2 + 2ab{a 2 e\ + (5 2 e 2 ) = 2aba 2 e\ + (a 2 + 2ab/3 2 )e 2 . 

This element is idempotent if and only if 

2aba 2 = a, a 2 + 2ab(3 2 = b. 

If a 2 = 0, then a = b = 0, and no elements are idempotent. So a 2 7^ and b = (2a 2 )~ 1 . The 
coëfficiënt a satisfies 

2 , /^ 2 \ 1 n 

a + ( — Ja = 0. 

a 2 a 2 

If K is algebraically closed, such equation admits a solution, this is not compatible with our 
hypothesis. We obtain, if K algebraically closed: 

A*i7(ei,ei) = e 2 , 
A*i7(ei,e 2 ) = /ii7(e 2 ,ei) = e 2 , 
/^i7(e 2 ,e 2 ) = 0, 

AHs(ei,ei) = e 2 , 
A*i8(ei,e 2 ) = /iis(e 2 ,ei) = 0, 
A*is(e 2 ,e 2 ) = 0. 
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If K is not algebraically closed, we have 

A*i8,K(ei, ei) = e 2 , 

A*i8,K(ei, e 2 ) = /ii8,K(e 2 , ei) = a 2 e x + /3 2 e 2 , 
A*i8,K(e2, e 2 ) = «4ei + /3 4 e 2 , 

we «2 = or ö 2 7^ and a 2 a 2 + f3 2 a — 1 has no solutions in K. 

3. Algebras over a field of characteristic 2 

Let F be a field of characteristic 2. Asume that F = F 2 . If A is a 2-dimensional F- 
algebra, and if {ei,e 2 } is a basis of A, then the values of the different products belong to 
{ex, e 2 , t\ + e 2 }. If ƒ is an isomorphism of A, it is represented in the basis {e±, e 2 } by one of 
the following matrices 

*-(;!),*-(;;),*-(}!) 

Each of these matrices corresponds to a permutation of the finite set {ei,e 2 ,e 3 = e\ + e 2 }. 
If fact we have the correspondance: 



GL(A) 


s 3 


Mi 


Jd 


M 2 


T\2 


M 3 


Tl3 


M 4 


r 23 


M 5 


C 


M 6 





where is the transposition between i and j and c the cycle (231). In fact, the matrix M 2 
corresponds to the linear transformation / 2 (ei) = e 2 , ƒ (e 2 ) = e\ and in the set (e±, e 2 , e 3 ) we 
have the transformation whose image is (e 2 , e±, e 3 ) that is the transposition tï 2 . The matrix 
M 3 corresponds to the linear transformation / 2 (ei) = ei + e 2 , ƒ (e 2 ) = e 2 which corresponds 
to the permutation (e 3 , e 2 , ei) that is Ti 3 . For all other matrices we have similar results. We 
deduce 

Theorem 1. There is a one-to-one correspondance between the change of ¥ -basis in A and 
the group S 3 . 

If we want to classify all these products of A, we have to consider all the possible results 
of these product and to determine the orbits of the action of S 3 . More precisely the product 
//(ej, Cj) is in values in the set (e±, e 2 , e 3 = e\ + e 2 ). If we write //(e^, e 3 -) = aei + fee 2 + ce 3 , 
thus the matrix (a, b, c) is one of the following 

R = (0, 0, 0) = 0, R ± = (1, 0, 0), i? 2 = (0, 1, 0), i? 3 = (0, 0, 1). 

Let us consider the following sequence 

(/i(ei, ei), /i(ei, e 2 ), /i(e 2 , ei), /i(e 2 , e 2 ),n{e u e 3 ), /x(e 2 , e 3 ), /x(e 3 , ei), /x(e 3 , e 2 ), /x(e 3 , e 3 )). 



2-DIMENSIONAL ALGEBRAS 9 

As //(ei, e 3 ) = /i(ei, ei + e 2 ), if //(ei, ei) = Ri and /i(ei, e 2 ) = Rj then /i(ei, e 3 ) = Ri + 
with the relations 

Ri + Ri = 0, i?i + Rj = Rk, 
for j, k all different and non zero. Thus the four first terms of this sequence determine all 
the other terms. More precisely, such a sequence writes 

(Ri, Rj, Rk, Ri, Ri + Rj, Rk + Ri, Ri + Rk, Rj + Ri, Ri + Rj + Rk + ify). 

Consequence. We have 4 4 = 256 sequences, each of these sequence corresponds to a 
2-dimensional F-algebra. 

Let us denote by S the set of these sequences. We have an action of £ 3 on S : if a e S 3 
and s & S, thus s' = rs is the sequence 

(M e ^(i) , e CT (i) ) , /i(e CT( i) , e CT(2 ) ) , /i(e CT(2 ) , e CT( i) ) , /J,(e a ( 2 ) , e<r(2) ) , v(e<r(i) , e CT ( 3 ) ) , /i(e CT ( 2 ) , e CT(3 ) ) , 
/^(e CT (3), e CT (i)), //(e CT ( 3 ), e CT ( 2) ), //(e CT ( 3 ), e CT ( 3 ))) 

with fj,(e a (i), e a Q)) = R a - 1 (k) when fj,(ei,ej) = Rk- The classification of the 2-dimensional 
F-algebras corresponds to the determination of the orbits of this action. Recall that the 
subgroups of S 3 are d = {Id},G 2 = {Id,r 12 },G 3 = {Id,T n },G A = {Id,r 23 },G 5 = 
{Id,c,c 2 },G 6 = Z 3 . 

(1) The isotropy subgroup is S 3 . In this case we have the following sequence (we write 
only the 4 first terms which determine the algebra: 

si = (0,0,0,0) 

s 2 = (Ri, R 3 , R 3 , R 2 ) 

Recall that /i(ei,ei) = R\ means /i(ei,ei) = ei, /i(ei,e 2 ) = R 3 means /i(ei,e 2 ) = e 3 
and so on. 

(2) The isotropy subgroup is G5 = {ld, c, c 2 } We have only one orbit 



s 


0(8) 


S3 = (R3, R2, R2, Ri) 


$3, (R2, Ri, Ri, R3) 



(3) The isotropy subgroup is of order 2. 



s 


ö(s) 


s 4 = (0,R 1 ,R 2 ,0) 


S4, (Ri, R3, R2, 0), (0, Ri, R 3 , R 2 ) 


S 5 = (0, #2,^,0) 


Sb, (Ri, R2, R3, 0), (0, R 3 , Ri,R 2 ) 


S 6 = (0,^3,^3,0) 


s 6 ,(0,R 1 ,R 1 ,0),(0,R 2 ,R 2 ),0) 


s 7 = (R l7 0,0,R 2 ) 


s 7 , (R ± , R 2 , R 2 , R 2 ), (R u R ± , R u R 2 ) 


$8 — (Ri, R\,R2, R2) 


58,(0,^,0,^), (^,0,^,0) 


59 = (Ri, R2, Ri, R2) 


59,(0,0,^,^), (Ri,R 2 , 0,0,) 


sio = OR 2 ,0,0,i?i) 


sw, (Ri, R3, R3, R3), (R3, R3, R3, Ri) 


su = (R2, Ri, R2, Ri) 


Sll , (0,0,^1, R 3 ), (R 3 ,R 2 , 0,0) 


s 12 = (R 2 ,R 2 ,R 1 ,R 1 ) 


s 12 ,(0,R ± ,0,R 3 ),(R 3 ,0,R 2 ,0) 


s 13 = (R 2 ,R 3 ,R 3 ,R 1 ) 


S13, (Ri, R2, R2, R3), (R3, Ri, Ri, R2) 


s u = (R 3 ,0,0,R 3 ) 


s 14 ,(0,Ri,Ri,Ri),(R 2 ,R 2 ,R2,0) 


Sl5 = (R3, Rl, R2, R3) 


S15, (Ri, R2, R3, Ri), (R2, R3, Ri, R3) 


si6 = (R3, R2, Ri, R3) 


s i6, (Ri, R3, R2, Ri), (R2, Ri, R3, R2) 


sn = (R3, R3, R3, R3) 


S17, (0,0, 0,^0,(^2, 0,0,0) 
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(4) The isotropy subgroup is £3. In this case any orbit contains 6 elements. As there 
are 256 — 46 = 210 elements having E 3 as isotropy group, we deduce that we have 35 
distinguished non isomorphic classes. 

Conclusion We have 52 classes of non isomorphic algebras of dimension 2 on the field F 2 . 



for all v,w. We assume in this section that IK is algebraically closed and that the Jordan 
algebra are of dimension 2. Thus the multiplication \x is isomorphic to /ij for % — 11, • • • , 16. 
To simplify the notation, we will write vw in place of fi(v,w). If v is an idempotent, thus 
v 2 = v and the Jordan identity gives 



for any w. 

Proof. In the Jordan identity, we replace v by v\ + v 2 . We obtain 

v\{v 2 w) + 2(viv 2 )((v 1 + v 2 )w) + vl(vi%v) = v^v^w) + v 2 (v 2 w) + 2(vi + v 2 )((v 1 v 2 )w). 
Since v± and (f2) are idempotent, this equation reduces 



Proposition 3. If v\ and v 2 are idempotent vectors such that v\v 2 and v\ +v 2 are indepen- 
dent, thus the Jordan algebra is associative. 

Proof. Let x and y be two vectors of the algebra. Thus, by hypothesis, x = XiViV 2 -\-x 2 (vi+v 2 ) 
and y = y\V X v 2 + y 2 (v l + v 2 ). Thus 

x(yw) = xiyi(vif 2 )((ï;if2)w) + (x x y 2 + x 2 yi)(viv 2 )({vï + v 2 )w) + x 2 y 2 {v x + ^((^ï + ^2)^). 



4. Applications : 2-dimensional Jordan algebras 



In a Jordan algebra, the multiplication fi satisfies: 

\ /i(n(v, w),n(v, v)) = /i(v, n(w, /i(v, v)) 



v(vw) = v{yw) 
for any w, that is, this identity is always satisfied. 
Lemma 2. If v± and v 2 are idempotent vectors, thus 

(viv^dv! + v 2 )w) = (vi + v 2 )((viv 2 )w) 



{viV^Vi + v 2 )w) = (vi + v 2 )({viv 2 )w). 



and 



x(yw) 



y(xw). 



By commutativity we obtain 



x(yw) = x{wy) 



y(xw) = (xw)y 



this proves that the algebra is associative. 



• n = fin. If jj, is given by 




A*n(ei, e 2 ) = /Un(e 2 , e ± ) = a 2 e x + (3 2 e 2 , 
A*n(e2,e 2 ) = e 2 
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the Jordan algebra admits two idempotents e\ and e 2 . Since e\e 2 = oc 2 e\ + fii^ïi the vectors 
e x e 2 and e x + e 2 are independent if and only if a 2 ^ (3 2 - In this case the algebra can be 
associative and we obtain the following associative Jordan algebra corresponding to 

(1) a 2 = 1, & = 

(2) a 2 = 0, (3 2 = 1 

These Jordan algebras are isomorphic. This gives the following Jordan algebra 

eiei = ei, 

■/i = < ' :'2 = <■>< . = <■> 

e 2 e 2 = e 2 . 

If t\t 2 and t\ + e 2 are dependent, that is t\t 2 = A(ei + e 2 ), then A = — 1 or \ or 0. If 
t\t 2 = 0, we obtain the following associative algebra 

eiei = ei, 
^2 = <( eie 2 = e 2 ei = 
e 2 e 2 = e 2 . 

If A = — 1 the product is never a Jordan product. If A = |, we obtain the following Jordan 
algebra 



Js= l eie 2 = e 2 ei = \(e± + e 2 ) 




• pi — n 12 . We have 

Mi2(ei,ei) = ei, 
A*i2(ei, e 2 ) = /ii 2 (e 2 , ei) = ei, 
/ ui 2 (e 2 ,e 2 ) = a 4 ei. 

This is not a Jordan product. 

• pi — /jl 16 . This product is a Jordan product if f3 2 — 1 or 0. We obtain 

dei = ei, f eid = ei, 

J 4 = { eie 2 = e 2 ei = e 2 , J 5 = < e\e 2 = e 2 ei = 
e 2 e 2 = 0. [ e 2 e 2 = 0. 

• /i — nn. Such a product is not a Jordan product. 

• fj, — /ii 8 . We have the following Jordan algebra 



eid = e 2 
Ja = { eie 2 = e 2 e x = 
e 2 e 2 = 
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